
Dr. Marques Sophie Algebra 1 Spring Semester 2015
Office 519 marques@cims.nyu.edu

Midterm

The grader cannot be expected to work his way through a sprawling mess of identities
presented without a coherent narrative through line. If he can’t make sense of it in finite
time you could lose coherent narrative through line. If he can’t make sense of it in finite
time you could lose serious points. Coherent, readable exposition of your work is half the
job in mathematics. Total point 220 pt.

Problem 1 : (20 pt)
Let G be a group and assume that for all g P G we have g´1 “ g. Prove that
G is abelian.

Problem 2 : (40 pt)
In S4, consider the subset

H “ tId,

ˆ

1 2 3 4
2 3 1 4

˙

,

ˆ

1 2 3 4
3 1 2 4

˙

,

ˆ

1 2 3 4
3 4 1 2

˙

u

1. Compute the inverses of the elements H.

2. Is H a subgroup of G ? Justify your answer.

Problem 3 : (20 pt)
Let H “ tσ P Sn : σp1q “ 1u. Prove that H is not a normal subgroup of Sn for
n ě 3.

Problem 4 : (60 pt)
Let G be the group of all polynomials pf degree n with real coefficients, that
is

G “ tPpxq : Ppxq “ a0 ` a1x` ¨ ¨ ¨ ` anxn, ai P Ru

with addition operation defined by : for Ppxq “ a0` a1x` ¨ ¨ ¨ ` anxn and Qpxq “
b0 ` b1x` ¨ ¨ ¨ ` bnxn P G

Ppxq `Qpxq “ pa0 ` b0q ` pa1 ` b1qx` ¨ ¨ ¨ ` pan ` bnqxn

Let φ : pG,`q Ñ pR,`q be the evaluation homomorphism given by

φpPpxqq “ Pp0q
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1. (30 pt) Prove that φ is homomorphism and that it is surjective but not
injective.

2. (10 pt) Find the kernel of φ.

3. (20 pt) Prove that the induced map

φ̄ : pG{Kerpφq,`q Ñ pR,`q
rPpxqs ÞÑ Pp0q

is a well defined isomorphism.

Problem 5 : (80 pt)
Let G “ Z{nZ (n is a fixed integer ; if x is any integer, rxs is the class of x
modulo n).

1. (30 pt) If a P Z, prove that φa : G Ñ G defined by

φaprxsq “ raxs

is a well defined, group homomorphism and depends only on ras.
2. (20 pt) Prove that all homomorphisms G Ñ G are of the type of the

previous question. (Hint : Prove that it is enough to fix the image of a
cyclic generator of G to determine fully such a homomorphism.)

3. (20 pt) Prove that φa is an automorphism if and only if there exists b
such that ab ” 1p mod nq.

4. (10 pt) Prove that if n is prime, then |AutpZ{nZq| “ n´ 1.
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